Let T be any tree of order d ≥ 1. We prove that every connected graph G with minimum degree d contains a subtree T isomorphic to T such that G − V (T ) is connected.
Main Result
Theorem 1 Let G be a connected graph with minimum degree d ≥ 1. Then for any tree T of order d, G contains a subtree T isomorphic to T such that G − V (T ) is connected.
Before proving the theorem, we introduce some definitions to describe Mader's technique. An ordered clique K in a graph G is a complete subgraph of G with an ordering imposed on the vertices of K. Let K be an ordered clique in a graph G with the ordering v 1 , v 2 , . . . , v k of its vertices. A subtree T of G is said to be consistent with the ordered clique K if every vertex v i ∈ V (K) ∩ V (T ) has at most one neighbor in T that is not contained in {v 1 , v 2 , . . . , v i−1 }. We will be considering ordered pairs of the form (G, K), where K is an ordered clique in a graph G.
Definition 2 Let K be an ordered clique in a graph G and let v 1 , v 2 , . . . , v k be the ordering of the vertices of K. If K is a proper subgraph of G, the reduction α(G, K) of the ordered pair (G, K) is the pair (G , K ) defined as follows.
Suppose there is a vertex
If there is more than one such vertex, any one may be chosen arbitrarily.
Suppose no vertex in
The reduction defined in Definition 2 can be applied repeatedly to an ordered pair (G,
Some obvious properties of this reduction are noted in Lemma 3.
Lemma 3 Let K be an ordered clique in a graph G and let
Then the following statements are true.
The degree in
Let G be a graph with minimum degree d and let
contains only one vertex. Since the reduction can be applied until G i − V (K i ) is empty, and G is non-trivial, there exists such an l ≥ 0.
Lemma 4
The vertex v 1 is the first vertex in each of the ordered cliques
Proof: This is true by definition for i = 0. If (G i+1 , K i+1 ) is obtained from (G i , K i ) by applying step 1 of the reduction, then the first vertex in K i+1 is the same as the first vertex in K i . The same is true if step 2 of the reduction is applied, unless |K i | = 1 and K i+1 is empty. However, in
2 Let T be any tree of order d. Let u 1 , u 2 , . . . , u d be an ordering of the vertices of T such that u i is adjacent to exactly one vertex u j with j > i, for 1 ≤ i < d.
Lemma 5 There exists a sequence of trees T 0 , T 1 , . . . , T l satisfying the following properties for all 0 ≤ i ≤ l.
1. T i is a subtree of G i isomorphic to T .
2. The vertex v 1 is not contained in V (T i ).
3. T i is consistent with K i .
Every connected component of
Proof: We construct the sequence T 0 , T 1 , . . . , T l inductively, starting with T l . Let w be the single
. Now let the vertex u j of T correspond to the vertex v i j+1 in G l for 1 ≤ j < d, and let the vertex u d of T correspond to the vertex w in G l . This gives a subtree T l of G l satisfying all properties stated in Lemma 5. Suppose T i+1 is a subtree of G i+1 satisfying all properties in Lemma 5 for some 0 ≤ i < l. We show how to construct T i from T i+1 . Case 1.
Suppose G i+1 is obtained from G i by applying step 1 of the reduction defined in Definition 2. Then G i = G i+1 , and K i = K i+1 − v, where v is the last vertex in the ordering of V (K i+1 ). Let T i be the same as T i+1 . Then T i is a subtree of G i , isomorphic to T and consistent with 
Suppose G i+1 is obtained from G i by applying step 2 of the reduction. Then
We call the edges {wv π(w) , w ∈ X} bad edges.
If none of the bad edges is contained in T i+1 then let T i be the same as T i+1 . Suppose wv j is a bad edge contained in T i+1 for some w ∈ X and v j ∈ V (K i+1 ). Since T i+1 is consistent with K i+1 , and v 1 ∈ V (T i+1 ), all other neighbors of v j in T i+1 are contained in {v 2 , . . . , v j−1 }, hence T i+1 can contain at most one bad edge incident with v j . Similarly, there is at most one bad edge incident with a vertex w ∈ X. Let w 1 v j 1 , w 2 v j 2 , . . . , w m v jm be the bad edges contained in T i+1 , such that j 1 < j 2 < · · · < j m . By the definition of the reduction, if wv p is a bad edge in G i+1 , then wv q is an edge in G i for all p < q ≤ k. Construct T i from T i+1 by replacing the vertex v jp ∈ V (T i+1 ) by the vertex v j p+1 for 1 ≤ p ≤ m, where v j m+1 is v k . This is possible since v j p+1 is adjacent in G i to all vertices adjacent to v jp in T i+1 . Since a vertex is replaced by a vertex following it in the ordering, T i is consistent with
| since any bad edge incident with w is replaced by the edge wv k . Since the connected components of G i − (V (K i ) ∪ V (T i )) are same as the components of G i+1 − (V (K i+1 ) ∪ V (T i+1 )), every such component contains a vertex w such that
Hence T i is the required tree in G i , satisfying the properties in Lemma 5.
2 Theorem 1 now follows from Lemma 5. The tree T 0 obtained in Lemma 5 is a subtree of G 0 = G, isomorphic to T and not containing the vertex v 1 . Since V (K 0 ) = {v 1 }, by property 4 in Lemma 5, every connected component of G − ({v 1 } ∪ V (T 0 )) contains a vertex adjacent to v 1 . This implies T 0 is a non-separating subtree of G isomorphic to T .
2
